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INTRODUCTION

Production of polymers within minimum possible time
without sacrificing the physical properties can be
achieved by changing certain control variables in a
‘systematic manner’. The control variables generally
considered in the polymerization reactions are
temperature and initial initiator concentration.
Pontryagin’s maximum principle? is an effective tool in
deciding the optimum values of these control variables.

Ray et al.? applied the maximum principle for deciding
the optimal control variables for a given monomer
conversion and average molecular weight without
considering gel elfect. Later, Biesenberger et al.’
considered the gel effect, but did not specify the optimal
initial initiator concentration while deciding the optimum
temperature/time cycle. Chen and Jeng* have filled this
gap in the model and verified the model experimentally
considering the system of styrene polymerization.

The polymerizations of methylmethacrylate and vinyl
acetate are also generally done by batch process®. Hence.
the minimum end time problem is studied for these
systems for a wide range of number average chain lengths.

KINETIC MECHANISM AND STATE
EQUATIONS

Radical chain polymerization has generally been
represented by the following mechanism®,
Initiation:

[—*0R R =2fk,I" (1)
R+M-——PpP, (2)
Here, fis the initiator efficiency.
Propagation:
k

P+M-———p (3)

Termination:

kg : . .
P.+P,-—“—>M +M, (Disproportionation) (4)
k. o

P.+P,—*—M_, (Combination) (5)

Here, the chain transfer reaction is neglected and the
kinetic constants are assumed to be independent of chain
length.

In radical chain polymerization, there is an
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autocatalytic effect, which is termed the gel effect®. This
effect is due to increased viscosity as monomer conversion
increases and it retards the rate of termination. This effect
is taken into account by the gel effect function?® g{m) which
gives the relation between k, and monomer conversion
(m).
k, =k, +ky =k (V)g*m)= A, expl—E yig*(m)  (6)
where
g=glm) as m>m, (with gel effect)
(7
=1 as 0<m<m, (without gel effect)
my 1s the monomer conversion above which the gel effect
becomes significant.
Adopting the method of moment generating functions?®.
the equations for the 3 state variables namely, initiator

conversion (¢}, dimensionless zeroth and first moments of
the molecular weight distribution (¢, £, ) can be written as

dm_dél__ . qosdl—m) "
E—’d[ ——l\l(]_() - (/ ‘V“;_HI\Z(IHC) (8)
S k1=t 9)

)
(by making long chain approximation)

de
Gkl =0 (10)

diﬂ_ Yo PRV
—(F—(h vhak,(1—¢) (1)

with the initial conditions

m(0) = c(0) = £,(0)=0 (12)

o s

The number average chain length is given by

X, =m/&, {13)

BEST ISOTHERMAL POLICY

Following a procedure similar to that adopted by Chen
and Jeng* we get the following expressions for the control
variables, I, and T, and for the end times, t,, for the
isothermal polymerization.

E, ( B ) B,
e In[l—— |+ - =0 14
2 Z*El)n iy (] B )05 (14)

ol

i
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where
ke ,
V= 2—7; B=Mm*/f Xy
’ (15)
= 1 1 ln[ w :l
= % T 0.5
R, T (E, v 2D18,5[1_<1_£> :l
7o
where
|1 9
W—fl_m dm (15a)
0
_A4, 0.5
=3en (15)
and
1 B
R —— I\ ) [— (16)
d A, exp(—E,y) ( V10>

The initiator conversion (¢) can be obtained by solving
equation (14) for B/yly(=c(t;)) which is constant for a
given polymer®. The value of the best I is substituted in
equation (15) to obtain the best temperature and then ¢ ; is
calculated from equation (16).

OPTIMAL TEMPERATURE POLICY

The maximum principle is applied to obtain the optimal
temperature profile in a manner similar to that of Chen
and Jeng* According to the maximum principle the
Hamiltonian, H, should be minimum if the objective
function is to be minimum’ and this minimum value is
equal to zero if ¢, is not specified’.

Objective function: F={t}

(1—m)

]

H=1+ 2k (1—c)*" +2,k,(1=c)

+ 242 — v)ak,(1 — )" (17)

where A, 4, and A, are the adjoint variables which are
given by

dz, CH 0spd [1—m
—_—— = —— == — —_ o __ 18
dt om Aiky(1=c) dm\ ¢ (18)

di cH -
2 o h [ilkl(l m)(l—L’)0'5"+)v2k2(1—C)"

dt = dc 1—c 2g
+ 45(2 —v)ak,(1 —c)"] (19)
di, OoH
T —56—0 (20
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with the boundary conditions
Ay undefined
Z(t)=0 (21)
43 undefined
The boundary conditions on the state variables are:
m0)=0 m(t,)=m*
c0)=0  c(t;)=unknown (22)

50(0) =0 60(”) =m*/ X}

The following necessary conditions are obtained from the
maximum principle.

H=0 (23)
H_, (24)
6‘y— ;
o*H
2 >0 for y=y, (25)

Thus, differentiating equation (17) with respect to y and
applying H=0, we get

oH (1 —m) ;

——=(E,~E)A k(1 =¢)*>"——=+E,=0 (26

5y = (B2~ Ehiy(1 =0 54 Ey =0 (26)
0*H

The solution of equation (26) gives the optimum
temperature. Equation (26) contains one unknown, ,,
which is obtained by integrating equation (18).

(1—m)

A =constant=L, (for example) (28)

Substituting equation (28) in equation (26) and solving for
y, we get

N N —E, 9
= Ef“[A«Ez—El)zl(l—c>°-5" (1—m>] @)

The following constraints on temperature could exist.

if T>T T=T
if T,<T, T=T

(30)
if T>T,>2T T=T,

where T and T are the upper and lower limits on
temperature.

Optimal initial initiator concentration (1)

The application of maximum principle to fine optimum
I, requires {inding the expression for ¢H/éI,. Thus,



¢H _n 4
oI, I,

If the temperature is not constrained ¢H/fy =0. Also, the
value of E,/2(E, — E,) is observed to be greater than 1 for
the systems under study, and hence, we get ¢H/¢1,>0,
indicating that for the Hamiltonian to be minimum, I,
should also be minimum. Hence, the optimum 1, takes its
lower limit /,. However, if I, is decreased the conversion
of the initiator increases approaching unity at a certain
value of I,. Thus the optimal I, is that which results in
dead-end polymerization.

Even when the temperature is constrained, the
contribution of the term ¢H/dy will be small compared to
that of E, and hence, we can come to the same
conclusions.

_@/@}'_EZ} (31)
2E,—E))

NUMERICAL CALCULATIONS

We will consider the following systems:

(1) Bulk polymerization of methylmethacrylate (MMA)
initiated by 2,2-azoisobutyronitrile (AIBN),

(2) Bulk polymerization of vinyl acetate (VAC) initiated
by AIBN.

The relevant data used for the two systems are given in
Table 1. The following numerical procedures are adopted.
Best Isothermal Policy:

(1) Equation (14) is solved by Newton-Raphson search
technique for obtaining the value of ¢(¢;) and hence the
best 1.

(2) Equation (15a) is numerically integrated by 4th
order Runge-Kutta algorithm to get the value of W*.

(3) These values are substituted in equation (15) to get
the best temperature.

Table 1 Kinetic data of MMA and VAC
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Optimal Temperature Policy:

The procedure is similar to that adopted by Chen and
Jeng®. 4th order Runge-Kutta algorithm is used to solve
equations (9(11).

RESULTS AND DISCUSSION

Best isothermal policy (BIP)

The values of the control variables (Tand I,) obtained
from BIP are given in Table 2 and also plotted in Figure 1.
It can be observed from the Figure that there is a linear
relationship between X and I, and between XX and ¢,
when plotted on a log-log scale. Lower values of [, are
required for larger chain lengths whereas more reaction
times are demanded. The temperature decreased with X
Thus if a polymer product of higher chain length is
required, the reaction temperature should be lower and
the reaction time should be more.

Optimal temperature policy (OT P)

Figure 2 gives the optimal temperature profiles for
methylmethacrylate system for X*=15000 for various
values of I,. It can be seen that the temperature rise with
respect to time should be more as the [, value is decreased.
At larger values of I, the optimal temperature should be
maintained as nearly constant. As [, is decreased the slope
of the optimum temperature profile is increasing at a slower
rate in the initial part of the profile and at a higher rate in
the latter part of the profile. The profile labeled 1 is the
optimum temperature profile at I, the optimum value of
I,. The curve labelled 2 is the optimum temperature profile
at I, the best value of I, which is obtained from BIP. [,
is not the optimum I, and the [, is less than the /. It can
be observed from Figure 3 that as I, is decreased, the time

Methylmethacrylate3

Vinyl acetateS.8:9

Ap, ! s~ mol—1 5.1 x 106 3.2 x107
Azl s—lmol—t 7.8 x108 3.7 x109
Ag,1 s mol—1 1.58 x 1015 7.9 x 1016
Ep, cal mol—1 K—1 6300 3130

E¢, cat mol—1 K1 2800 1460

Eg, cal mol—1 K—1 30800 34000

v 0.0 0.0

f 0.6 06

glm) 1.0 for0<m<0.15 1

(1 —28.72m + 228.2m? — 239.9m3)

for0.15<m <06

for0<m<05

{1+1.767m + 1.34m? — 3.58m3)

Table 2 Comparison of best isothermal policy (BIP) and optimal temperature policy (OTP)

Initial initiator

End time, tf concentration, /o Temperature range
BIP oTP % re- % re- BIP oTP BIP oTP

System  X,* (s} (s) duction te* (s) duction gmol—! g mol—t (K) (K)
2000 327 260 205 278 15.0 0.203x10—2 0.195x10—2 3885  382.1-4236
5000 1254 974 223 1084 136 0813 x10—3 0.780 x10—3 375.8 370.1-4185
MMA 10000 3465 2680 22.7 2975 14.1 0.407 x10—3 0.390x10—3 366.7 361.3-411.0
20000 9577 7490 218 8270 13.6 0.203 x10—3 0.195x 103 358.0 362.8-393.3
50 000 36719 28500 224 31800 13.4 0813 x10~4 0.780 x 104 347.1 342.3-384.7
VAC 1.0 x 107 965 840 130 904 6.3 0526 x10~% 0455x10—¢ 376.8 373.4-4105
2.0 x 107 2163 1880 13.1 2030 7.1 0.263 x10~6% 0.227x10—¢ 3702  367.0-405.2

tf*: End time, ty, in optimal policy at best /o which is obtained from BIP
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Figure 1 Dependence of temperature (T), initial initiator concen-
tration {/o} and reaction end time (tf) on number average chain
length {X,*} in best isothermal policy
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Figure 2 Temperature profiles at various values of /j for

Xp," =5000. System: methylmethacrylate, figures in parentheses
are tf in seconds

(t,) is decreasing whereas the initiator conversion c(t 7)is
increasing, the latter approaching finally to a value unity
at a value of I,=78x107* below which there is no
possibility of attaining the required properties. This is the
point of dead-end polymerization. Similar profiles and
similar conclusions are observed for ail X*’s under study.
Figure 4 gives the optimum temperature profiles at
optimum I, for various values of X ¥ It can be seen that for
larger chain lengths, lower operating temperatures are
required.
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Figure 3 Dependence of tfand c(tf) on /g using optimal tem-
perature policies for X,,* = 5000. System: methylmethacrylate
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Figure 4 Optimal temperature profiles for various values of Xp,*.
System: methylmethacrylate, figures in parentheses are tf in
seconds

The temperature profiles and the variation of the ¢ ; and
clt ;) with I, for the vinyl acetate system are observed to be
similar to the MMA system. The final optimum results for
the VAC system are included in Table 2.

Comparison of the two policies

It can be seen from Table 2 that there is considerable
reduction in ¢, when optimal policy is adopted. The
reduction is in the range of 20-23% for MMA system,
whereas for VAC system it is 13-14%,. It can also be
observed that even the optimal temperature policy at I,



[¢]

gives 13-15%, reduction in ¢, for the MMA system and 6-
7%, reduction for VAC system. Regarding the initial
initiator concentration (f,), lower values of I, are required
by OTP then by BIP. However, both the values are nearly
same.

Comparison of the two systems MM A and VAC

From the above discussion, it can be noted that the
OTP gives better results for MMA than for VAC.
Kinetics is going to play an important role in this respect.
However, the chain transfer reaction which i1s not
considered in the present study is more pronounced in the
VAC system than in the MMA system.

CONCLUSIONS

(1a) In the case of best isothermal policy (BIP), the
number average chain length (X% and initial initiator
concentration (I} follow linear relationship on a log-log
plot. Similar relation exists between X *and ¢,.

(Ib) For larger chain lengths lower values of
temperature and 1, are required.

(2) When compared to BIP, the optimal temperature
policy makes it possible to get more than 209, reduction in
reaction time in the case of MMA system and about 139
reduction in the case of VAC system.

(3) The optimum temperature policies for both the
systems are of increasing temperatures with the lowest
possible values of initial initiator concentration, /,,.
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GLOSSARY

a fTYM,

ApA A, frequency factor for initiator
decomposition, propagation and
termination, respectively

B Mom*[f X}

».L;.;\:::“s

¢

E,E,E,

=~
L]

ki,

ktc’krd

o2 ,ﬂ’

T
EE

Greek symbols:

¥
2.

3

&
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initiator conversion (I—1/1,)
activation  energies  for
decomposition, propagation
termination, respectively
initiator efficiency

gel effect function g(m)=(k,/k)°">
Hamiltonian defined by equation (17)
initiator concentration

initial initiator concentration

lower limit of I

lumped kinetic parameters,
corresponding frequency factors being
A,.4, and energies of activation E,E,

initiator
and

respectively
kinetic constants for initiator
decomposition, initiation and

propagation, respectively

kinetic constants for termination by
combination and disproportionation,
respectively

ktc + krd = klo(};),gz(}.’n)

monomer conversion

the monomer conversion from which the
gel effect becomes significant

target monomer conversion

initial monomer concentration
monomer concentration

concentration of dead polymer of chain
lengths x, y, and x -+ y, respectively
concentration of growing polymer of
chain length x,y, respectively
concentration of primary radicals

gas constant

time

dimensionless time. /1,

reaction end time

absolute temperature

lower and upper bounds on temperature
optimum temperature

klc//kt

number average chain length

target number average chain length
/R, T

the limit of y, corresponding to the lower
bound of the temperature, T

the limit of y, corresponding to the upper
bound of the temperature, T

stationary temperature policy. Solution
to CH/Cy=0

2—¢

adjoint variable

dimensionless ith moment of the dead
polymer molecular weight distribution
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